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Advances in science and technology have often been praceeded by, or 
accompanied by, an advancement in mathematics. Newton invented calculus 
and used it to explain how force and mass are related in nature. He used 
mathematics and his gravitational theory to predict the existence of yet 
undiscovered planets in our solar system. Einstein used math to explain 
how energy and mass are related and predicted such seemingly impossible 
things as light bending in a gravitational field and time slowing down when 
traveling near the speed of light. The fact that mathematics can be a 
powerful tool for the scientist is no longer in doubt. 
The biological and social sciences have always lacked a firm founda-
tion in predictive mathematics. Their strongest tool has been statistical 
analysis and probability theory. They, as well as physical scientists, 
have lacked a theory that can adequately deal with the discontinuous phenom-
ena that occur in their fields, the way calculus can be used on continuous 
or smooth phenomena. Recent work in mathematics over the last decade may 
have provided a tool for dealing with discontinuous phenomena. The theory 
is Catastrophe Theory (CT) and its main originator is Rene Them, professor 
of mathematics at Paris Institute for Higher Scientific Studies. 
Catastrophe theory is derived from topology, the branch of mathematics 
concerned with the properties of surfaces in many dimensions. Topology is 
involved because the underlying forces in nature can be described by smooth 
surfaces of equilibrium; it is when the equilibrium breaks down that catas-
trophes occur. Them has shown that despite the almost limitless number 9f 
discontinuous phenomena that can exist in all branches of science, all the 
equilibrium surfaces can be described in terms of a few archetypical forms 
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called the elementary catastrophes. Application of the theory involves 
deciding on independent parameters to plot on the control plane and accu• 
rate plotting of the dependent variables to form the behavior surface which 
will be one of the e lementary catastrophes. 
Catastrophe theory has been widely hailed as an "intellectual revolu-
2 tion in mathematics--the most important development since calculus." Zeeman 
has written a l ayman's introduction to catastrophe theory in Scientific~-
~ in which he develops a feel for the theory by using examples. Prob-
lema arise though when mathematicians try to apply the theory to other fields 
where their expertise is limited and also when scientists in other areas try 
to apply the theory with only a superficial understanding of the underlying 
mathematics. These circumstances have led to a certain backlash against 
catastrophe theory, such as an a r ticle in Science stating that, "Partly in 
response to the extraordinary publicity these models have generated and 
the extravagant claims made for their applicability to practical problems, 
some mathematicians have been examining the theory more closely. They have 
concluded that many of the statements and claims about models are exagger-
ated, evan irresponsible, and that the mathematical reasoning behind them is 
often sloppy or blatantly wrong."3 
In August of 1978 an article appeared in the American Journal of Opto-
, 
metry and Physiological Optics in which possible applications of CT to opto-
4 
metry were explained. The author, Madsen, related CT to phorometry and 
anomalous retinal correspondence (ARC) in strabismica. The purpose of this 
paper is to further investigate the original mathematical work and deter-
mine if it is really applicable or if Madsen's attempt falls into Kolata•s3 
category of over application of the basic theory. To be a powerful mathe-
metical tool CT has to be more than a complicated analogy that adds another 
2 
layer of rhetoric that only complicates an issue; it should lead to new in-
sights or predict new areas of approaches for experimental research. 
3 
Although the purpose of this paper is not to teach CT, because it is 
a recent development and few people have any knowledge of it, some intra-
duction is called for. The problem is that CT does not lend itself to cap-
sulization without some misrepresentation. The easiest way to develop some 
intuitive feel for CT without investigating the mathematics is through exam-
ples of the easiest of the elemental catastrophes, the cusp catastrophe. 
Zeeman introduces this by using the example of aggression in dogs. Ag-
gressive behavior is assumed to be controlled by two conflicting factors, 
rage and fear, which are plotted as axes on a horizontal plane, the control 
surface {see figure 1). The dogs behavior is represented on the vertical 
axis, and may range f r om attacki ng to retreating. In Zeeman's words: 
for any combination of rage and fear, and thus for any point on 
the control surface, there is at least one likely form of behav-
ior, indicated as a point above the corresponding point on the 
control surface and at the appropriate height on the behavior 
axis. The set of all such points makes up the behavior surface. 
In most cases there is only one probable mode of behavior, but 
where rage and fear are roughly equal, there are two modes: a 
dog both angry and fearful may either attack or retreat. Hence, 
i n t he middle of the graph there are two sheets representing 
likely behavior, and these are connected by a third sheet to make 
a continuous, pleated surface. The third or middle sheet, shown 
in gray, has a different significance from the other two sheets: 
it represents least likely behavior, in this case neutrality. 
Toward the origin the pleat in the behavior surface becomes nar-
rower, and eventually it vanishes. The line defining the edges 
of the pleat is called the fold curve, and its projection onto 
the control surface is a cusp-shaped curve. Because the cusp 
marks the boundary where the behavior becomes bimodal it is called 
the bifurcation set and the model is called a cusp catastrophe. 
If an angry dog is made more fearful, its mood follows the tra-
jectory A on the control surface. The corresponding path on the 
behavior surface moves to the left on the top sheet until it 
reaches the fold curve; the top sheet then vanishes, and the path 
must jump abruptly to the bottom sheet. Thus the dog abandons 
its attack and suddenly flees. Similarly, a frightened dog that 
is angered follows the trajectory B. The dog remains on the bot-
tom sheet until that sheet disappears, then as it jumps to the 
4 
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top sheet it stops cowering and s uddenly attacks . A dog that is 
angered and frightened at the same time must follow one of the two 
trajectories at c. Whether it moves onto the top sheet and be-
comes aggressive or onto the bottom sheet and becomes submissive 
depends critically on the values of rage and fear. A small change 
in the stimulus can produce a large change in behavior; the phe-
nomenon is divorgent.1 
This example shows the five characteristi cs of a cusp catastrophe: 
bimodality, sudden transitions, hysteresis, inaccessibility, and divergence. 
Zeeman states that "if anyone of them is apparent in a process the other 
four should be looked for, and if more than one is found, then the process 
. 1 
should be considered a candidate for description as a cusp catastrophe." 
It bears repeating that the cusp is only one of the seven elementary 
catastrophes that occur when a process is controlled by four or fewer fac-
tors. The other elementary catastro~hes are the fold , swallowtail, butter-
fly, hyperbolic umbillic , elliptic umbillic, and parabolic umbillic. Each 
of these is associated with a potential function in which the control para-
meters are represented as coefficients and the behavior of the system is 
determined by the variables. 
The behavior surface in each catastrophe is the graph of all points 
where t he first derivative of this function is equal to zero or, when there 
are two first derivatives, where both are equal to zero. The names of the 
catastrophes are derived from the graphs of the behavior surfaces. By in-
creasing the dimensions of the control space and the behavior space an in-
finite list of catastrophes can be constructed, although for phenomena in 
the real world the seven elementary catastrophes are probably the most im-
portent because they are the only ones with a control space having no more 
than four dimensions. Because our world has only three spatial dimensions 
and one time dimension, any process determined by spatial location and time 
must be one of the seven elementary catastrophes. 
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Although it was stated that the seven elementary catastrophes were 
named after their graphs, it should be pointed out that only the fold and 
cusp catastrophes can be "graphed" in three dimensions. The other five are 
four, five, or six dimension catastrophes whose shapes can be hinted at by 
using two or three dimensional cross sections. Needless to say, visuali-
zation becomes nearly impossible and understanding can only be achieved via 
the proper mathematical tools. Because a catastrophe cannot be drawn does 
not mean, however, that it cannot be employed in modeling phenomena. Zeeman 
states, "their geometry is completely determined, and the movement of a 
point over the behavior surface can be studied analytically if it cannot be 
seen graphically."1 
But to go from the graphical , or picture, level of understanding to the 
analytical level requires an immense jump in mathematical expertise. While 
Zeeman's aggressive dog example may give intuitive insight into CT and give 
a way of visualing the behavior; it does not feature a mathematical poten-
tial function whose derivative can be mapped on a coordinate system to give 
an actual behavior surface. The failure to give numerical solutions does 
not automatically make CT a failure. The philosophical question of quan-
titative versus qualitative will be discussed late~ . Poston and Stewart in 
their book state that CT does indeed give numbers. "Once understood by 
scientists who thought in physical numbers, fed it physical numbers, and 
asked it numerical questions, the theory has begun to produce numerical 
answers."5 But to do so one cannot work under the assumption so often 
stated in introductions to articles a t tempting to apply the theory that 
'one does not need to understand the mathematics behind catastrophe the-
ory in order to be able to apply it.' Poston and Stewart state that an 
understanding of linear transformations, matrix algebra, calculus of sev-
7 
eral variables, Taylor series expansions, and more. Rarely do scientists 
combine the intimate knowledge of their chosen area of investigation with 
high level mathematical proficiency . This is particularly true in the so-
cial and biological sciences which feature many discontinuous phenomena 
where CT may apply. 
Applications: 
The various levels of understanding of CT become apparent when one in-
vestigates the previous applications of the theory. The highest level of 
understanding and interest in CT has been in the field of "pure" mathematics. 
Here the theorems and their proofs have been examined for their mathematical 
correctness and logical purity with no attempt to build a relationship be-
tween the content of the theo~ems and the nature of the world. Poston and 
Stewart identify areas where further mathematical work is needed to expand 
CT's applications. 
Outside of pure mathematics, there seems to be two types of investiga-
tors trying to apply CT. One group consists of mathematicians who have 
studied CT and are now searchin~ for applications. Zeeman and his students, 
such as Poston and Stewart, are the best example of this group. The second 
group is scientists investigating a phenomena who attempt to use CT to 
modal the behavior they are observing. Members of the second group often 
lack intimate knowledge of the theory's theorems and proofs and usually pre-
face their application with assumption that an understanding of the under-
lying mathematics is not necessary to apply CT. Their models usually are 
restricted to the pictoral analogy use of the cusp catastrophe. Applica-
t ions of the first group, having fai rly rigorous mathematical basis, are 
presented extensively in Poston and Stewart's book. Some of the applica-
tions deal with the stability of ships, the geometry of fluids, elasticity 
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and buckling of structures, thermodynamics and phase transitions, embryology, 
ecology, and social modeling such as prison riots. The chapters are followed 
by an extensive bibliography covering more applications. The authors state 
that such a bibliography would now be nearly impossible to compile because 
CT has been scattered through the literature "from the physical chemistry 
to the town planning journals."5 They draw an analogy to calculus and point 
out the impossibility of looking up calculus and finding listed all the 
articles applying calculus because "the ideas and techniques of the calcu-
lus have become absorbed into the background of almost every scientist worthy 
of that description. 115 They predict, possibly a little optimistically, the 
same future for CT. 
As stated in the introduction, CT has been introduced into the opto-
metric literature by Ellis f~a<lssn § s 1978 article in the American Journal of 
Optometry and Physiological Optics. The article attempts to develop a model 
for changes in vision, clear to blur or binocular to diplopic, when the con-
t rol parameters of accommodation and vergence are changed. Also introduced 
is a CT model for ARC. Actually, two models, one covering the sensory the-
ory of adaptation and one depicting the motor theory of ARC, are present. 
In both cases, the author uses the three dimensional cusp catastrophe to 
model the behavior. The theory is applied at the picture-analogy level 
with no attempt to describe the behavior surface as the set of all points 
such that the first derivative of a potential function is zero, which in 
the theory the behavior surface is defined to be. While a pictoral display 
of how retinal correspondence varies may be insightful to a student being 
introduced to the concept of ARC, an optometrist familiar with ARC would 
probably feel that it is stretching it to call this a predictive mathema-
tical model. As a model it gives little insight into the behavior or the 
basis for such behavior. 
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While Madsen's article may be an inadequate introduction to CT and may 
provide an unsatisfactory model of ARC, it did serve the very useful purpose 
of exposing a whole new profession to the possibilities of CT. The danger 
is that the inadequacies of Madsen's models may lead to a whip last effect 
against CT and possibly all mathematical modela as being of little practical 
value. 
Philosophical Considerations: 
Much of the discussion of CT and its applications is philosophical. 
One major criticism often heard is that CT is purely qualitative. While 
Poston, as stated earlier, feels it can produce quantitative results if 
"fed numbers," Thorn readily admits that CT is purely qualitative. To the 
question of whether these models ar e subject to experimental control or 
can they give experimentally verifiable predictions, Thom answers, "at the 
risk of disappointing the reader, I must answer in the negative, this is 
an inherent defect of all qualitative models, as compared with classical 
quantitative models ••• The strict empiricist, faced with this deficiency 
will tend to reject these models as speculative constructions, devoid of 
interest~ and, as far as present scientific progress is concerned, he is 
6 probably right. 11 But Thorn deals on a larger scale, and gives two rea-
sons scientists should consider these models. The first reason is that 
"every quantitative model first requires a qualitative isolation from re-
ality in setting up an experimentally reproducible stable situation." He 
states the second reason as "our ignorance of the limits of quantitative 
6 
models.'' Thorn traces modern scientists• infatuation with quantitative 
models back to the seventeenth century when the debate in physics centered 
on Newton's equations and calculations versus Descarte~s explanations. 
History has endorsed Newton and the Newtonian point of view has certainly 
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fully justified itself from the point of view of its efficiency and its 
ability to predict. But Thorn contends that outside of gravitation and elec-
tromagnetic radiation few things conform neatly to equations. He believes 
that qualitative modale will increase mans global understanding of phenomena 
in a way impossible for purely quantitative models. 
Thorn stated in his original book that "there is no doubt it is on the 
philosophical plane that these models have the most immediate intarest. 116 
Zeeman adds that "CT marks revival of natural philosophy."? But, this higher 
philosophical level of CT has little appeal to the scientist working in a 
restricted area of interest, trying to adapt a mathematical model to one 
particular phenomena. The beauty of CT is best appreciated by the general-
ist who is less concerned with model..ing one particular phenomena than having 
a model with broad unifying power that related many phenomena through a com-
mon morphology. To an optometrist, Madsen's model for ARC may not be satis-
factory or even interesting, but the thought that ARC may be related to 
stock market crashes or aggressive dogs through a common mathematical mor-
phology is certainly intriguing on a philosophical level. 
Achieving the broad unifying perspective afforded by CT requires a 
thorough understanding of the mathematics involved . Zeeman contends that 
the only way to achieve this perspective is to go through all the details 
of the proof of the classification theorem, "only then does one feel that 
that true weight of mathematical power behind the few elementary models." 
The catch is that even Zeeman, an internationally respected mathematician, 
confesses that "it took me several years to achieve this objective myself."? 
Conclusions: 
The original purpose of this paper, inspired after reading Madsen's 
article and feeling that if CT is useful at all there has to be more to it 
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than implied in that article, was to further investigate CT and see if it 
could be more rigorously applied to optometry. A standard approach would 
be to go back and investigate the original work, which in CT means Thom. 
The problem is that even to the highly trained expert, Them is vague and 
nearly incomprehensible. · zeeman, himself, states that, "I must confess that 
I often find his (Them) writing obscure and difficult to understand, and oc-
casionally I have to fill in 99 lines of my own between each two of his be-
fore I am convinced."? The usual approach of studying the original is not 
a viable option for a layman. But, the theory does not lack disciples, 
all trying to clarify, amplify, and apply Thorn's theory. But the danger, 
as Zeeman points out, is that "the speculation of lesser men often leads to 
nonsense. 117 The best sources are either Zeeman's Scientific American arti-
cle for a nonmathematical introduction or Poston and Stewart's book for a 
more analytical approach. Zeeman's article alone would not allow one to 
start applying the theory. 
After studying the literature available, the following conclusions 
can be made about CT in general and as applied to optometry specifically: 
1) CT 1 s main attraction is as a broad unifying theory for discontin-
uous events. It is not as powerful as some authors have led us to believe 
when applied to a single phenomena. 
2) There are two levels of applying the theory, the picture-analogy 
level and the analytical level. The picture-analogy level has been the 
most common so far, and also the focus of most of CT's criticism. The ana-
lytical level requires much more understanding of the mathematics, but holds 
the most promise for the future. 
3) Criticism in the literature has been careful to stress the fact 
that they are not criticizing the mathematics underlying CT but rather the 
12 
models developed from the theory. 
4) As for CT and optometry, Madsen was right to recognize that some 
phenomena in optomtery, such as ARC, do have characteristics such as bi-
modality and sudden changes that might allow CT to model it. But, the 
picture-analogy level of his application provided no new insights into the 
phenomena he was modeling and did not do justice to the mathematical subtle-
ties underlying the theory. 
5) In the near future the area of successful application of the the-
ory providing results possible useful for optometry is in the field of op-
tics. There has been some work done on applying CT to light caustics and 
mirages, but it is fairly technical and beyond the mathematical ability of 
most optometrists. 5 
6) The main conclusi on ls that the future of CT is in a team approach 
combining the skills of a highly trained mathematician, the expertise of a 
researcher of the phenomena to be modeled, and the necessary equipment such 
as sophisticated computers and programs. Combining intimate knowledge of 
all the mathematics underlying CT with an intimate knowledge of the field 
of application may yield better models than have been put forth so far. 
Summary: 
In Zeeman 's opinion, Them was "forced to invent CT in order to pro-
vide himself with a canvas large enough to display the diversity of his 
interests."7 Them's theory, though still in its embryonic stage, has pro-
vided a rich "vocabularyn to describe and analyze numerous seemingly un-
related phenomena. Already in its short existence, CT has suffered from 
over-acceptance and over-application by undisciplined adherents, and over-
reaction to its misuses by its detractors. Thom, himself, seemed to caution 
against overzealousness when he wrote near the end of his book, "Many of 
13 
my assertions depend on pure speculation and may be treated as day-dreams , 
and I accept this qualification •• ~At a time when so many scholars in the 
world are calculation ; it is not desirable that some, ~ho can, dream?"6 
If Them's dream is to continue to develop and grow , it will require 
mathematicians who will concern themselves with behavior of natural phe-
nomena and scientists who will not be either intimidated by the mathematics 
or superficially misuse the theory. If the scientists and mathematicians 
can forge a strong alliance , and develop the theory with a better under-
standing of both its strengths and weaknesses; we will be hearing much more 
about catastrophe theory in tha future. 
14 
NOTES AND REFERENCES 
1. Zeeman, E. c.: "Catastrophe Theory," Scientific American: 65-83, 
April, 1976. 
2e Panati, C.: "Catastrophe Theory," Newsweek: 54-55, Jan., 1976. 
Kalata, G. B.: 
Science: 
"Catastrophe Theory, The Emperor Has No Clothes," 
287, 35Q-351, April 15, 1977. 
4. Madsen, E.: "Application of Catastrophe Theory to Optometry," American 
Journal of Optometry and Physiological Optics: 576-581, Aug., 1978. 
s. Poston, T. and Stewart, I.: Catastrophe Theory and Its Applications , 
San rransisco, Pittman Publishing Limited, 1978, pp. 246-275, 426-
430. 
6. Thorn, R.: StructuratStabil!,ty and Morphogenesis; trans. Fowler DH, 
w. A. Benjamin, Inc~, 1975, pp. 4-7, 322-325. 
7. Thom, R. and Zeeman, E. c.: Catastrophe Theory: Its Present State 
and Future Perspectives, Dynamical Systems-warwick, 1974: Pro-
ceedings of a Symposium Held at the University of Warwick 1973/ 
1974, edited by Anthony Manning, Springer-Verlag, 1975, pp. 373-
376. 
Note: Author's mathematical background includes a B.s. degree in math edu-
cation from the University of Wisconsin - Madison. 
